Y ToAOYIGLOT KOl EQAPUOYEC TNG LOLYVITIKTC
EMKOTNTOC GE ACTPOPLGIKA TEPIPALLOVT

KwoTtac Mwpaditng

LESIA, Observatoire de Paris, CNRS

- L I'.@

Laboratoire d’Etudes Spatiales et d’Instrumentation en Astrophysique

vat0|re; ~~~~~~~~ LESIA

de Paris




Outline

Introduction
- Magnetic helicity
+ Definition - Properties
- Applications
- Relative magnetic helicity

Numerical computations of relative magnetic helicity
- Cartesian geometry - Comparison with other methods
— Spherical geometry

Relative magnetic field line helicity
— Definition - Validation
— Visualization

Conclusions

5 December 2018, Athens



Outline

Introduction
- Magnetic helicity
+ Definition - Properties
- Applications
- Relative magnetic helicity

Numerical computations of relative magnetic helicity
- Cartesian geometry - Comparison with other methods
— Spherical geometry

Relative magnetic field line helicity
— Definition - Validation
— Visualization

Conclusions

5 December 2018, Athens



Magnetic helicity

* Signed scalar quantity (right (+), or left (-) handed), defined as H:fVA-B dV B=V x4
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Magnetic helicity

* Signed scalar quantity (right (+), or left (-) handed), defined as H:fVA-B dV B=V XA
* Units of magnetic flux squared, i.e., Wb? in SI, Mx? in cgs
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Magnetic helicity

* Signed scalar quantity (right (+), or left (-) handed), defined as H:fVA-B dV B=V XA
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Magnetic helicity
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* Units of magnetic flux squared, i.e., Wb? in SI, Mx? in cgs
» Kinetic helicity in fluid dynamics (B—vorticity @ =V Xu),
particle helicity in particle physics (the projection of the spin onto the direction of momentum)
* |t is a geometrical measure of the twist and writhe of the magnetic field lines,

and of the amount of flux linkages between pairs of lines (Gauss linking number)
single flux tube

5 December 2018, A-th.ens }{: (Tw W) D



Magnetic helicity

* Signed scalar quantity (right (+), or left (-) handed), defined as H:fVA-B dV B=V XA
* Units of magnetic flux squared, i.e., Wb? in SI, Mx? in cgs
» Kinetic helicity in fluid dynamics (B—vorticity @ =V Xu),
particle helicity in particle physics (the projection of the spin onto the direction of momentum)
* |t is a geometrical measure of the twist and writhe of the magnetic field lines,

and of the amount of flux linkages between pairs of lines (Gauss linking number)
single flux tube

r-h twist I-h twist i
|-h writhe r-h writhe

5 December 2018, Athens H=(Tw +Wr)®>



Magnetic helicity

* Signed scalar quantity (right (+), or left (-) handed), defined as H:fV A-BdV B=V XA
* Units of magnetic flux squared, i.e., Wb? in SI, Mx2 in cgs
» Kinetic helicity in fluid dynamics (B—vorticity @ =V Xu),
particle helicity in particle physics (the projection of the spin onto the direction of momentum)
* |t is a geometrical measure of the twist and writhe of the magnetic field lines,

and of the amount of flux linkages between pairs of lines (Gauss linking number)
single flux tube two closed flux tubes




Why care?

e Conserved in ideal MHD (Woltjer 1958), along with energy and cross helicity

dH o JA ) : i
= = { (A\XF_— .dS -2 [ (ExA)-dS £2 [ E-B dV
‘_flf fl' \ f)l.r ! 4 -'-"lll : .-"‘_,

* Topological invariant; links cannot change by ‘frozen’ magnetic field lines
* Even in resistive MHD (reconnection), helicity is approximately conserved (Taylor 1975)
* Unlike energy, helicity goes to larger scales (inverse helicity cascade),
and also dissipates slower than energy in non-ideal MHD
* In MHD turbulence, helicity bounds the 10°
energy distribution in the system K

w._ cascade H'SHCIW (O)—
spectrum 1, :

woLk) > kH(k)  (Frisch et al. 1975) 10 -2 3
* Linear force-free field = the minimum 1073 i
' i ici - injection
energy field for given helicity (Woltjer 1958) 107 :
5 December 2018, Athens 1 @‘5 large scales small scales

Alexakis et al. 2006



Applications
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von der Linden et al. 2018
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Applications

&> MHD turbulence
‘ Helicity imposes restrictions on the relaxation,
and leads to slower loss of magnetic energy
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Applications

AGN jets _ o
Galactic large-scale magnetic field

Formation of extragalactic jets produced from dynamo mechanism
from a black hole accretion disk

Revising “textbook” “a-Q"-type LSD picture with open boundary

Extragalactic (Blackman & Brandenburg '03)
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Applications

Radio bubbles in the intracluster medium
inflated by AGN outflows

5 December 2018, Athens Braithwaite 2010



Applications

* Fundamental role of the magnetic field in the Sun

 Complex topology

* Coronal mass ejections are caused by the need to
expel the excess helicity accumulated in the corona

(Rust 1994)

aia.lmsz
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Applications

* Fundamental role of the magnetic field in the Sun
 Complex topology
* Coronal mass ejections are caused by the need to
expel the excess helicity accumulated in the corona
(Rust 1994)
* Helicity can provide eruptivity criteria
of & =
zap i -
2l i eruption )
07 Sy n ; 1 ‘ : 4 i
5 December 2018, Athens 50 100 150 200

time Pariat et al. 2017



Ok, what's the catch?
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magnetic helicity
H=[ A-Bdv

under the gauge
transformation
A'=A+V¢

becomes
H'=H+$EB-dS
gauge independent
for closed B

fl'B|aV:O

5 December 2018, Athens

Ok, what's the catch?

Formation of extragalactic jets
from a black hole accretion disk

Extragalactic

jet
Jet—

Magnetic
field lines

Accretion
disk



Relative magnetic helicity

GERUELE HENEY) relative magnetic helicity

H=[ A-Bdv
H =] (A+A)-(B-B,)dV
under the gauge v
transformation gauge independent for closed
A'=A+V§ (and solenoidal) B—B,
becomes - -
n'B‘aV: n'Bp|aV
H'=H B-dS : . .
+§ﬁ€ True Field Reference Field dV: the whole boundary
gauge independent Berger & Field 1984, Finn & Antonsen 1985 - reference field=potential
for closed B * no current - no helicity
n-B|,,=0 RMH can uniquely be split into two
gauge-invariant components H=H+H
following the splitting of the MF B=B,+B,

5 December 2018, Athens
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Computation of relative magnetic helicity

Definition: Berger & Field 1984
theoretical investigations

f@ A A
Sy ey

5 December 2018, Athens



Rate (10" Mx* h™")

Helicity Change ( 10% Mx’)

Computation of relative magnetic helicity

04— (b) | 4 E L -
ol N : A Pl Definition: Berger & Field 1984
=] my f o m ] | L i Il y sl .|=f-|:'.,5:' _ . . . .
ool s ARTR AR o o BV { T theoretical investigations

' !|'. WYY A wl ARTRRVEY Observational determination: Chae 2001

L M ! { NG i Vi .1 ] . .
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Rate (10" Mx* h™")

Helicity Change ( 10% Mx’)

Computation of relative magnetic helicity

".4 ':_l (Il)j 1 I rryrrrrrrUrrryr T TrrrrrTrrTTg [' 1T T _: . N .
ok A 1 C ok oo Pk Definition: Berger & Field 1984
ooii g A TR R o BV T theoretical investigations

' f, Y YR ‘_I . ,. '8t 1 Observational determination: Chae 2001
A 3 LA S B E many varieties developed
T T T T alternative approximate calculations

0 10 b 30 40  Computation in a Cartesian box:
1‘5::| L I I B LI I N O O B I LI I I I = Thalmann Et al 2011
- (€) E Rudenko & Myshyakov 2011
05— - Valori et al. 2012
uu\_\m/mm E Ya_n_g et al. 2013
0.5 : Moraitis et al. 2014
10" s i
15“1 I I“]I Ll L | lz.“J I O | 13.0[ I - ;0

Time (h)
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Computation of relative magnetic helicity

Table 1 Synoptic view of helicity computation methods, their properties and formulation, as described in
Sect. 1.2. The subset of methods actually tested in this paper is listed in Table 2

Finite volume (FV) Helicity-flux integration (FI) L
= [, (A+Ap) - (B—Bp)dV Wy _ 3 [ Ay - Byun — (Ap V0 BaldS Flnlte-volurr_\e methods
see Eq. (3) 1 glveﬂ B flnd Bp
— Requires B in V e.g., from MHD simulations or|| — Requires time evolution of vector field on 3V i -
NLFFF — Requires knowledge or model of flows on dV 2 glven B’ Bp flnd A’ Ap
— Compute .#fy, at one time — Valid for a specific set of gauge and assumptions,
— May employ different gauges (see Table 2) see Pariat et al. (2017)

Hi / (A+A,)-(B-B,)dV
Vv

Discrete flux-tubes (DT)
~ M - H 2 M M . DD -
H =3 Ty + 221 2=, j2i LijPi P

Moraitis et al. 2014

see Eq. (31)
Twist-number (TN) Connectivity-based (CB)
2

H=Te* H=A Zf'i] o gb{,?"s + Zﬁ;;:] L PrPm

see Eq. (32) see Eq. (35)
— Estimation of the twist contribution to ¢ — Requires the vector field on photosphere at one
— Requires Bin V time
— Requires a flux-rope-like structure for computing — Models the corona connectivity as a collection of

the twist 7~ M force-free flux tubes

— Minimal connection length principle

5 December 2018, Athens  V/alori et al. 2016, Space Science Reviews



Computation in Cartesian case

Step 1 — Potential field calculation

Potential magnetic field p=Ve Ve =0 solution of Laplace's
satisfying condition B =aen]. I 0P equation
n ]—’|{J‘1' L |f}1|r ﬁ av s B|”TV' under Neumann BCS

2P P 9D

IR e in the finite volume
9P F={(xz,y,2): ® € [xg,x1], ¥ € [yo,11], z € [20, 21|}
o = n-Blyy
O | 51/

BVP well defined only for flux-balanced magnetic fields

FORTRAN routine HW3CRT from FISHPACK library (or DO3FAF from NAG)
Routine uses FFT method in non-homogeneous, uniform grid

For non-uniform grid interpolation to and from a uniform grid is required

5 December 2018, Athens



Computation in Cartesian case

Step 2 — Vector potentials calculation Simple gauge

invert B =V x A with Valori et al. (2012) method
DeVore (2000) gauge z-A =0

Alr,y,z) = alz,y) +2 x / dz'B(z,y,z2") ce [0,1]

ax
oz, y) = c/ dz' B, (x',y, z0)
v g

Y
aa (@, y) = —(1— ) / dy' B, (2,4, 20)

< Yo

0

Coulomb gauge
: Vi-a=0 a=zZxV,u
viu — BZ{I'.yﬁ Zﬂ)

Vi xa=B.(z,vy,2)

Same method for both vector potentials

Integrations: modified Simpson or trapezoidal rule, applicable also to non-uniform grid
Top/bottom reference planes give different results — top is usually better

2D Poisson problem: FORTRAN routine HWSCRT from FISHPACK library

using FFT method in non-homogeneous, uniform grid

For non-uniform grid interpolation to and from a uniform grid is required

5 December 2018, Athens



Comparison with other methods

Magnetic Helicity estimations in models
and observations of the solar magnetic
field

|SSI Team led by Gherardo Valori (MSSL - UK) & Etienne Pariat (LESIA - France)

V INTERNATIONAL
f SPACE
SCIENCE
INSTITUTE
International Team on

Magnetic Helicity
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Comparison with other methods

CrossMark

Space Sci Rev (2016) 201:147-200 { |
DOI 10.1007/s11214-016-0299-3 @

Magnetic Helicity Estimations in Models
and Observations of the Solar Magnetic Field.
Part I: Finite Volume Methods

Gherardo Valori! - Etienne Pariat? - Sergey Anfinogentov® - Feng Chen? -
Manolis K. Georgoulis® - Yang Guo® - Yang Liu’ - Kostas Moraitis® -
Julia K. Thalmann® - Shangbin Yang’
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Comparison with other methods

5 December 2018, Athens

- Low & Lou @ 4 resolutions

- TD different twist and/or

resolution

- Stable MHD simulation

Leake et al. 2013

- Unstable MHD simulation

Leake et al. 2014



Comparison with other methods

- All methods (except GR) within 2%
- DeVore gauge more accurate than

Coulomb gauge

More twist isn’'t more helicity

5 December 2018, Athens
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Comparison with other methods

Mumber of nodes per direction
255128 64 32
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Comparison with other methods

0.3 0.3
A dp Gotilamb SY
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o ¢ ---9
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&
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o f’
af M il -
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4"
e
(a) MHD stable .u"" (b5} MHD unstable
0.0 L i DOoLEs i L i
40 a0 120 160 200 40 =il 120 160 200
Tirne Tirne

Spread in helicity values 0.2% (st) and 3% (un)
More helicity isn’t more eruptive
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Comparison with other methods
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Computation in spherical case

Finite-volume methods
1. given B find B,

2. given B, Bp find A, Ap

7\
/ B

H.,.:/(A+AP]-(B—BP)CW
Vv

Moraitis et al. 2018

5 December 2018, Athens



Computation in spherical case

Step 1 — Potential field calculation

. . . . =2 o = 1
Potential magnetic field B, = V& V=0 solution of Laplace’s
satisfying condition Bl —a.BlL T 0% _ equation

1 9 [ ,00 N 1 0 (. Hmb N 1 0% )

—— | = . — | sinfl— = - P

2 Or dr r2sin 6 96 a6 r2 sin 62 d¢? in the finite volume
P V={(r,0,0): r €[ro,r1], 0 € [0p,01], & € [do, P1]}
an = n-Blyy
N | gy,

* BVP well defined only for flux-balanced magnetic fields
* FORTRAN routine MUD3SA from MUDPACK library
* Routine uses multigrid method in non-homogeneous, uniform grid of
special form m*2™'+1, m, n integers, and positive ¢
5 December 2018, Athens © -OF Non-uniform/non-special grid interpolation to and from a
uniform/special grid is required



Computation in spherical case

Step 2 — Vector potentials calculation

Simple gauge
e
. o C€To ;o ' ;g
invert B =V x A with Valori et al. (2012) method 20:0) = oy /ﬁ, W i Dn e 9)
P A =0 ¢
DeVore (2000) gauge  f BBt =LYt | A Balie )
1 2 oo
A(r,0,¢) = - (rﬂa(ﬁ.,gb) + 1 % / dr’ T-’B{r",é,@j) ce [0,1]
el Coulomb gauge
V1 x a = By(ro,0,9) V, -a=0 a=7txV, u

V3 u = B,(ro,0, )
Same method for both vector potentials
Integrations: trapezoidal rule, applicable also to non-uniform grid
Top/bottom reference planes give different results — top is usually better
2D Poisson problem: FORTRAN routine HWSSSP from FISHPACK library
using FFT method in non-homogeneous, uniform grid
* For non-uniform grid interpolation to and from a uniform grid is required

5 December 2018, Athens



Computation in spherical case

Validation against semi-analytic NLFF fields of
Low & Lou (1990) with:

- different resolution

- different reference plane

- different gauge

Table 2 Metrics for the reconstruction of the magnetic field from the respective vector potential.

Field Gauge Grid  Correlation coefficients Schrijver metrics
of Bvs. Vx A
B, By By Cyec Ccs E; E/, €

By DVSt 129° 09999  1.0000 1.0000 0.9999 10000 09948 09959  0.9980
DVSt  257° 09999 10000 10000 0.9999 1.0000 09942 09949  0.9986
DVSh  129° 09990 10000 10000 09995 0998 09814 09613 10025
DVCt  129° 09999 10000 10000 09999 09999 09947 09953  (.9980

By DVSt 129° 10000 10000  1.0000 10000 0.9998 09888 09829 0.9977

DVSi 2570 09995 L0000 10000 09997 09962 09570 09288  0.9990

DVSb  129° 09999 10000 10000 09999 09978 09843 09627 10008

5 December 2018, Athens DVCt 129° 10000  1.0000 1.0000 10000 0.9997 09888 09824 0.9977
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Field line helicity

Definition: The integral of the vector
potential along a field line

| B !;J‘— A .dl, Copen
A(C;A) = { ﬁ;ﬁ -dl, C closed

+ . Magnetic helicity then reduces to a
surface integral along the boundary

H = Add
Jov

- . FLH is gauge-dependent
not properly defined for relative
magnetic helicity

5 December 2018, Athens

Yeates & Hornig 2016



Relative magnetic field line helicity
1\

Hr=f{A+Ap)-(B—Bp)dV
Vv

H,"=/ (A—IrAp)-BdV—/ (A+A,) B,dV
Vv v

o
H,,.=f 7 - B| f (A+A,)-dl | dS—
av+ oy

op flux-tube assumption
f‘SV+|ﬁ‘Bp|(L (A+AP)'d£P) S IVE ={xedV:n- -B(x) <0}

p+

Hr=f |7 - B (/ _ (A-l-Ap)-dI—f = (A+Ap)-dzp) iS start from same footpoint o =a,
av+ ay s

so that |i-B|=|n- By

+
H, = [+ Al d®

5 December 2018, Athens Moraitis et al. 2018 (under review)



Relative magnetic field line helicity
1\

o _ Cp—
o T [ R

A;:/:_ {A+Ap)-dl—/:_ (A +A,)-dl,

r+

AE=/ _(A+Ap)-di—%(/ p_(A+AP)-fﬂp+/ _(A+Ap)-dzp)
O oy g

+

All are gauge-dependent and in all cases g, = f A dD
avs

5 December 2018, Athens



Computing RMFLH

Instantaneous finite-volume computation

o [ (A+A,) - (B—-B,)dV 1. given B find B,
4V 2. given B, B, find A, A
At = [ (A+A,)-d - ["‘ (A+A,)-d, 3. given B, B, and A+A_ find RMFLH
H, = [y, AF d®

5 December 2018, Athens



Computing RMFLH

Instantaneous finite-volume computation

e / (A+A,) (B-B,)dV 1. given B find B,
L4 2. given B, B, find A, A
AF = / (A+A,)-dl— /"‘ (A+A,)-d, 3. given B, B, and A+A_ find RMFLH

H, = [, Af d®

5 December 2018, Athens



Computing RMFLH

Step 3 — Field line integrations

FL integration routine: modification of QSL Squasher code (Tassev & Savcheva 2016)
which uses adaptive RK in C++, fast and robust

* same method for both field line integrations

* omit QSL part, keep only FL integration part

* addition of one more equation dn (A+A,)-B

ds B

to the system dl B
solved by the code == 3

* user-supplied starting points instead of automatically determined

5 December 2018, Athens



Non-eruptive emergence

5 December 2018, Athens

Validation with MHD data

Time = 1000

Time = 1500

MHD simulations:

Non-eruptive flux emergence
Leake et al. (2013)

Eruptive flux emergence
Leake et al. (2014)

Coronal jet formation
Pariat et al. (2009, 2010)
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2D visualization of RMFLH

+ Op+

A =/&_ (A+Ap)-dl— (/%_ {A+Ap)-tﬂp+/&_ (A+Ap) -dzp)
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5 December 2018, Athens gauge-dependent images




3D visualization of RMFLH
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3D visualization of RMFLH
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3D visualization of RMFLH

=y
o
D
iz
[14]
=
T
o
2

field line helicity
450 0 50 125.0

" omw'

Jet formation simulation
5 December 2018, Athens



Conclusions

* Magnetic helicity is very important in studies of magnetized systems thanks to a range of useful properties
* The appropriate expression in astrophysical conditions is relative magnetic helicity

* Relative magnetic helicity is hard to compute, and for this, accurate computational methods appeared only
recently

* Finite-volume methods provide the most accurate helicity values. Many methods exist in Cartesian
coordinates that agree to a high degree

* First development of a computational method in spherical geometry

* Mathematical derivation of proper RMFLH without any gauge restrictions, validation against 3 MHD
simulations

« RMFLH has important potential in highlighting locations of intense helicity

* Alot more can be developed/examined

5 December 2018, Athens
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